Fracture characterization is critical to reliable prediction of fractured reservoirs. Fractures formed by folding and/or shearing of reservoir formations, can be detected using seismic curvature and flexure analysis. Previous curvature and flexure analysis methods often have limitations in accuracy and efficiency in the presence of structural dip. We have developed new algorithms for volumetric curvature and flexure analysis based on 3D surface rotation using the local reflector dip to improve the accuracy and efficiency for curvature and flexure analysis in structurally complex settings. Among the various measures of curvature and flexure in 3D space, we have focused on signed maximum curvature and flexure that are considered to be most effective for predicting intensity and orientation of faults and fractures in fractured reservoirs. The application of the algorithms to a 3D seismic survey from Teapot Dome (Wyoming) demonstrated that the new methods help resolve subtle structural details that are otherwise not easily discernible from regular amplitude and conventional attributes, thus enhancing our capability to visualize and understand the structural complexity of fractured reservoirs.
INTRODUCTION
Seismic coherence, semblance, and other edge-detection attributes, only provide a qualitative description of seismic-scale faults by evaluating lateral changes in seismic waveform and/or amplitude (e.g., Bahorich and Farmer, 1995; Marfurt et al., 1998; Gersztenkorn and Marfurt, 1999; Marfurt, 2006; Di and Gao, 2014a) . Various seismic geometric attributes, including reflector dip, curvature, and flexure, have been developed by measuring lateral changes in the geometry of seismic reflections at different scales. Specifically, geometric attributes are capable of highlighting major faults from different perspectives at various scales (e.g., Dalley et al., 1989; Marfurt and Kirlin, 2000; Marfurt, 2006; Barnes, 2007) . Most importantly, geometric attributes evaluate the intensity and orientation of faults and fractures of reservoir formations in a quantitative manner.
Starting with Lisle (1994) , geophysicists have made significant progress in applying curvature to 3D seismic structure interpretation and fracture delineation (e.g., Roberts, 2001; Sigismondi and Soldo, 2003; Blumentritt et al., 2006; Marfurt, 2007a, 2007b) . Among various measures of curvature in 3D space, the most popular and useful are signed maximum curvature, dip/strike curvatures, and most positive/negative curvatures. These attributes can be computed by fitting a quadratic surface to either 3D interpreted horizons (Roberts, 2001) or 3D seismic volumes (Di and Gao, 2014b) . In particular, the signed maximum curvature coupled with its azimuth is considered to be indicative of the maximum possible fracture intensity and most likely fracture orientation, respectively (Lisle, 1994; Hansen and deRidder, 2006; Gao, 2013) . Dip/strike curvature best describes the local surface morphology. Most positive/negative curvature provides an edge-type display of faults and fractures that is convenient for visualizing and interpreting lineament from 3D seismic data. Each of the individual curvature attributes gives a reliable estimate of bed geometry for gently dipping formations; however, for steeply dipping or overturned formations, many current algorithms give overestimates of curvature magnitude and inaccurate evaluation of its associated azimuth. Such problems can negatively affect the accuracy of curvature or curvature-based strain analysis (Starr, 2014) .
For improved fracture characterization from 3D seismic data, flexure was proposed by evaluating lateral changes in curvature (Gao, 2013) , which describes the third-order variation of reflection geometry. Unlike curvature, flexure computation requires fitting a high-order cubic surface to seismic data (Di and Gao, 2014b) . Similar to curvature analysis, various measures of flexure can be estimated at every sample location, and a set of algorithms have been developed for flexure analysis. Di and Gao (2014b) present the first applicable equation for dip flexure, and they then develop a discrete azimuth-scanning approach for computing signed maximum flexure (Di and Gao, 2014c) . To enhance the visualization of flexure, Di and Gao (2015) applied the concept of most positive/negative flexure and implement an analytical approach to speed up its computation. In particular, maximum flexure is considered to be most indicative of fracture intensity and orientation; however, discrete scanning is a time-consuming process, and current flexure analysis algorithms have been limited to horizontal or gently dipping formations, which becomes inaccurate in the presence of structural dip.
To improve the accuracy and computational efficiency of seismic curvature/flexure analysis in the presence of steep dip, this study presents new analytical algorithms based on 3D surface rotation. At each sample within a seismic volume, a quadratic/cubic surface is fit to a seismic reflection by following local reflection dip centered at the target sample. Then, 3D rotation is performed based on the structural dip in the original earth's coordinate system, so that the surface is horizontal (first derivatives being zero) in the newly rotated coordinate system. The benefit of performing such rotation is to simplify the analytical equation and to enhance the accuracy for curvature and flexure, thus offering an analytical solution to the signed maximum curvature and flexure, as well as their associated azimuths. Finally, we apply them to a 3D data set from Teapot Dome in Wyoming.
METHODS
We propose a new workflow of four steps to improve the computation of volumetric seismic curvature and flexure attributes in the presence of structure dip. First, at each sample within a seismic volume, the algorithm fits a local surface to represent the geometry of local reflection centered at the sample. Second, the dip magnitude and dip azimuth are computed and used to build a new coordinate system, in which the surface is rotated to be horizontal. Third, the first, second, and third derivatives are calculated from the rotated surface, and signed maximum curvature/flexure is computed using an analytical approach. Finally, the azimuth is calibrated back to the original coordinate system. The above steps are repeatedly executed from sample to sample, and consequently, a regular amplitude volume is transformed into magnitude and azimuth volumes of seismic curvature/flexure.
3D surface rotation
Conventionally, 3D seismic data are collected and presented using the earth's x 0 -y 0 -z 0 coordinate system, in which x 0 and y 0 denote the inline and crossline directions, respectively, and z 0 denotes the depth direction (Figure 1 ). Using such a system, the dip magnitude θ dip and dip azimuth φ dip are often represented as
where A 1 ¼ ∂z 0 ∕∂x 0 and A 2 ¼ ∂z 0 ∕∂y 0 denote the first derivatives along the x 0 -and y 0 -axes, respectively, also known as apparent dips. Note that φ dip ¼ 0 is aligned with the x 0 -axis, and its sign convention follows the right-hand rule, as denoted by arrows in Figure 1 . Various approaches have been developed for volumetric dip estimates (e.g., Dalley et al., 1989; Marfurt and Kirlin, 2000; Marfurt, 2006; Barnes, 2007) . This study implements the method of complex-seismic-trace analysis to compute dip as well as the second and third derivatives at every sample (Di and Gao, 2014b) . In this study, we define a new x 1 -y 1 -z 1 system, with x 1 along the direction of the dipping azimuth and z 1 perpendicular to the surface at the origin. There are various ways for rotating the original x 0 -y 0 -z 0 system to the new x 1 -y 1 -z 1 system. Figure 2 illustrates the procedure used in this study: First, perform a counterclockwise (right-hand) rotation of the x 0 -y 0 -z 0 system (blue) with z 0 as the rotation axis and φ dip as the rotation angle, obtaining an x 1 -y 1 -z 0 system ( Figure 2b) ; then, perform a counterclockwise (right-hand) rotation of the x 1 -y 1 -z 0 system with y 1 as the rotation axis and θ dip as the rotation angle, obtaining the desired x 1 -y 1 -z 1 system (red) (Figure 2c) . Mathematically, the two-step rotation is represented as the product of a two rotation matrix
where R z 0 and R y 1 denote the rotation matrix with z 0 and y 1 as the rotation axes, respectively (Appendix A).
Starting from the rotation matrix, we can then calculate the derivatives of the new surface after rotation, including the first derivatives (Appendix B), the second derivatives (Appendix C), and the third derivatives (Appendix D). For example, at the target sample, the first derivatives ∂z 1 ∕∂x 1 and ∂z 1 ∕∂y 1 can be evaluated as
where n ¼ ½ cos φ dip sin θ dip sin φ dip sin θ dip cos θ dip denotes the unit vector normal to the local surface in the original coordinate system. M A1 and M A2 are vectors of the first derivatives in the new coordinate system. By substituting equation 3 into equation 1 and simplifying the generated expressions, we obtain ∂z 1 ∕∂x 1 ¼ 0 and ∂z 1 ∕∂y 1 ¼ 0, which demonstrate that the surface is now horizontal at the origin in the new x 1 -y 1 -z 1 system. Figure 1 . Definition of dip angle θ and dip azimuth φ in the conventional x 0 -y 0 -z 0 coordinate system. Note that the sign convention of dip azimuth follows the right-hand rule.
Signed maximum curvature
Curvature is defined as the lateral change in the dipping angle of a 2D curve and describes how much the curve deviates from a straight line (Roberts, 2001) . Using the second-order geometric attribute, a curvature anomaly highlights the juxtaposition of positive curvature of the upthrown block and negative curvature of the downthrown block. In 3D seismic interpretation, curvature is dependent on the direction of attribute extraction, and an infinite number of curvatures could be extracted at each sample in 3D seismic volume. The new method for computing signed maximum curvature starts from the applicable equation 4 for computing azimuthal curvature k φ0 in the original x 0 -y 0 -z 0 system:
; (4) where φ 0 denotes the azimuthal direction in the x 0 -y 0 -z 0 system;
, and B 3 ¼ ∂ 2 z 0 ∕∂x 0 ∂y 0 denote the second derivatives , which are calculated using a nine-node cell (Di and Gao, 2014b) . After surface rotation to the new x 1 -y 1 -z 1 system, with ∂z 1 ∕∂x 1 and ∂z 1 ∕∂y 1 being zero, equation 4 is simplified, indicating that curvature is related only to the second derivatives of the rotated surface in the new x 1 -y 1 -z 1 system:
where φ 1 denotes the azimuthal direction in the new system; ∂ 2 z 1 ∕∂x 2 1 , ∂ 2 z 1 ∕∂x 1 ∂y 1 , and ∂ 2 z 1 ∕∂y 2 1 denote the second derivative of the rotated surface in the new system, and they can be calculated as
where M B1 , M B2 , and M B3 are vectors of the second derivatives in the new system (Appendix C). Using the simplified equation 5, we can then evaluate a continuum of curvature values associated with various azimuths (Figure 3a) . To find the signed maximum from all possible curvatures, this study implements an analytical approach. First, we take a derivative of azimuthal curvature k φ 1 (equation 5) with respect to azimuth φ 1 and obtain a quadratic equation: Figure 2 . Two-step rotation of a surface from the original x 0 -y 0 -z 0 system (blue) to the new x 1 -y 1 -z 1 system (red), which makes the x 1 -axis along the direction of dipping azimuth and the z 1 -axis perpendicular to the dipping surface. The curve of the derivative of azimuthal curvature with respect to azimuth, which has two zeros that are associated with maximum curvature and minimum curvature, respectively.
Second, setting dk φ 1 ∕dφ 1 ¼ 0 results in two roots (equation 8), which represent the azimuth associated with maximum curvature k max (red) and minimum curvature k min (blue), respectively ( Figure 4b ):
and
Third, we substitute azimuth curvature k φ 1 (equation 5) with both roots and evaluate the magnitude of maximum curvature k max (red) and minimum curvature k min (blue).
The final step is to compare the two principal curvatures and generate the signed maximum one and its associated azimuth. For a specific surface, curvature magnitude is independent of the coordinate system; however, the curvature azimuth is dependent on the coordinate system in which it is described. Therefore, the curvature azimuth estimated in the new x 1 -y 1 -z 1 system (equation 5) is different from that estimated in the original x 0 -y 0 -z 0 system (equation 4) and should be calibrated for meaningful interpretation. Figure 4 displays azimuthal curvature for a surface dipping at 30°a long various azimuths. The curve demonstrates that the curvature in the new system (red) has the same trend as the actual values in the original system (blue), but with a shift in phase. Such a phase shift is due to the surface rotation and theoretically equals the dipping azimuth. Therefore, after evaluating curvature attribute in the new x 1 -y 1 -z 1 system, we calibrate its azimuth back to the original x 0 -y 0 -z 0 system by subtracting dip azimuth φ dip from the curvature azimuth estimated in the new system:
Signed maximum flexure
Flexure is defined as the lateral change in curvature (Gao, 2013 ) and describes how much the curve deviates from a circle. Using the third-order geometric attribute, a flexure anomaly highlights the location of the fault plane. The sign of the flexure, which depends on whether flexure is measuring in or opposite to the direction of fault displacement, could be used for differentiating faults with different senses of shear ( Figure 5 ).
Similar to curvature, flexure is dependent on the measuring direction, and an infinite number of flexures can be extracted at every sample in a 3D seismic volume. To compute the signed maximum flexure, the new method starts from the applicable equation 12 for computing azimuthal flexure f φ in the original x 0 -y 0 -z 0 system: 
where Gao and Di, 2015) , which are calculated using a 13-node cell (Di and Gao, 2014b) . After surface rotation to the new x 1 -y 1 -z 1 system, with ∂z 1 ∕∂x 1 and ∂z 1 ∕∂y 1 being zero, equation 11 is significantly simplified, indicating that flexure is related to only the third derivatives of the rotated surface in the new x 1 -y 1 -z 1 system: 
where M C 1 , M C 2 , M C 3 , and M C 4 are vectors of the third derivatives in the new coordinate system (Appendix D). Using the simplified equation 13, we can then evaluate a continuum of flexure values associate with various azimuths (Figure 6a) . To find the signed maximum of all possible flexures, this study implements an analytical approach similar to that used for curvature analysis. First, we take a derivative of azimuth flexure f φ 1 (equation 13) with respect to azimuth φ 1 and obtain a cubic equation:
Second, setting df φ 1 ∕dφ 1 ¼ 0 results in three roots, corresponding to the azimuth associated with maximum flexure f max (red), minimum flexure f min (blue), and another local peak (green) (Figure 6b ). Third, we substitute azimuth flexure f φ 1 (equation 13) with the three roots and evaluate the magnitude of maximum flexure f max (red), median flexure f med (green), and minimum flexure f min (blue). The final step is to compare the three principal flexures and generate the signed maximum one and its associated azimuth. Unlike the second-order curvature attribute but similar to the first-order dip attribute, the flexure changes its sign when estimated from an opposite direction (Figure 6a ). For a better visualization for flexure azimuth, it is modulated so that flexure could be evaluated as positive along that direction:
where f and o denote the magnitude and azimuth of three principal flexures by solving df φ 1 ∕dφ 1 ¼ 0. Therefore, the flexure azimuth ranges from 0°to 360°, whereas the curvature azimuth ranges from 0°to 180°. Similar to the curvature attribute, the flexure magnitude is independent of the coordinate system, whereas the flexure azimuth is dependent on the coordinate system, in which it is evaluated. Thus, flexure azimuth estimated in the new x 1 -y 1 -z 1 system (equation 12) is different from that estimated in the original x 0 -y 0 -z 0 system (equation 11). Figure 7 displays the azimuth flexure for a surface dipping at 30°along various azimuths using two coordinate systems. The estimated flexure in the new system (red) demonstrates the same trend as the actual value in the original one (blue), but with a shift in phase equal to the dip azimuth. Such a phase shift is due to the surface rotation. Therefore, the azimuth of signed maximum flexure needs to be calibrated back to the original x 0 -y 0 -z 0 system based on the dip azimuth at the target sample (equation 10).
RESULTS
After illustrating the proposed algorithms based on 3D surface rotation, we demonstrate their added value on structure interpretation and fracture characterization in the subsurface. First, we use the conventional approach to generate the most positive curvature and flexure from a surface dipping at 30°with N45°E as its azimuth (Figure 8 ). The most positive curvature and flexure are shown in green, whereas the signed maximum curvature and flexure from the proposed new algorithms are shown in red. For comparison, the blue curve denotes the actual curvature and flexure, and the blue arrow indicates the signed maximum curvature/flexure that we expect. Note that curvature and flexure are overestimated by approximately 10% and 40%, respectively. Also, a subtle difference occurs between their associated azimuths, indicating that most positive/negative curvature and flexure do not accurately follow the true direction of actual bending or shearing of the formation in the presence of structural dip. The red curve demonstrates that the magnitude from the new approach is equal to the actual one of signed maximum curvature and flexure, with a phase (azimuth) shift of 45°. After applying equation 10 to calibrate the azimuth, the estimated curve (red) would overlap with the actual one (blue).
Next, we apply the new method to a 3D prestack depth migrated seismic data set over Teapot Dome in Wyoming, where the structure is dominated by a regional northwest-trending anticline, and the hinge zone is populated with bend-induced faults and fractures (Cooper et al., 2002 (Cooper et al., , 2006 . The volume is approximately 6 × 11 km (4 × 7 mile) (188 inlines × 345 crosslines) with 266 samples for each trace, and the horizon used for result demonstration is approximately at 1 km (4600 ft) below the surface (Figure 9a ), which is created by 3D autotracking an easily recognizable peak within the whole volume followed by manual correction to minimize the effect of picking error. All attributes displayed below are first generated from the whole volume and then extracted along the interpreted horizon. The black line denotes a vertical slice through the three major faults shown in Figures 10 and 13 . The conventional discontinuity map is provided for comparison (Figure 9b ), which clearly highlights the major northeast-trending faults. To illustrate the effect of formation dip on curvature and flexure estimates, the dip magnitude is also displayed (Figure 9c) , from which we notice gentle formation dip (less than 10°) over the fold hinge and increasing dip (less than 30°) toward the fold edge. Steep dip (>30°) occurs in the faulting zones (denoted by circles), where apparent overestimates of seismic curvature and flexure are expected if most positive/negative curvature and flexure are used. First, we compute the signed maximum curvature as shown in a vertical slice, with the black curve representing the interpreted horizon (Figure 10) . Along the horizon, we then compare the signed maximum curvature (Figure 11 ) to the signed largest absolute of the most positive and most negative curvature (Figure 12 ). For the magnitude as color coded using the same color scale, the latter has a stronger color contrast through the horizon than the former, demonstrating the overestimates by most positive/negative curvature. That is especially the case in the fault zones associated with a large structural dip, where there is an apparent overestimate, as denoted with circles. For the curvature azimuth, the deviation could affect the interpretation of the most likely orientations of fractures. Next, we compute the signed maximum flexure, as shown in a vertical slice with the black curve representing the interpreted horizon ( Figure 13) . We notice the difference in the fault delineation between curvature and flexure. Finally, the efficiency of extracting the signed maximum flexure by the proposed new approach is compared with the existing ones. Our comparison excludes seismic curvature because signed maximum curvature analysis is less complicated and various analytical methods have been developed to compute it with similar computational efficiency (Al-Dossary and Marfurt, 2006; Gao and Di, 2015) . Table 1 lists the time for computing signed maximum flexure using both approaches. Our tests show that the scanning approach generates accurate results when using an interval of 1°or less, but the computational time is seven times longer than the analytical approach. A larger interval, for example, 20°, helps reduce the computational time, but it significantly decreases the resolution of the results (Figure 16 ). All computations are performed on a workstation with an i5-2520M CUP @ 2.50 GHz and 8.00 GB memory.
CONCLUSION
The most positive/negative curvature and flexure are useful for detecting faults and fractures from 3D seismic data by evaluating lateral changes in reflection geometry; however, in the presence of a structure dip, many analysis algorithms often overestimate the magnitude of seismic curvature and flexure and fail to accurately predict the true direction of actual bending and shearing of reservoir formations. This paper presents an analytical algorithm for computing signed maximum curvature and flexure, whose magnitude and azimuth are considered most indicative of the maximum possible intensity and the most likely orientation of faults and fractures, respectively. The new approach starts from 3D rotation of local reflections to be horizontal in a new coordinate system, and such 
APPENDIX A 3D SURFACE ROTATION
In 3D space, a rotation from a x 0 -y 0 -z 0 coordinate system to a new x 1 -y 1 -z 1 system could be represented by the product of three basic rotations, including where θ x , θ y , and θ z denote the rotation angle along x 0 -, y 0 -, and z 0 -axes, respectively, in a counterclockwise direction when looking toward the origin (Goldstein, 1980; Arfken, 1985) . For example, assume the x 0 -y 0 -z 0 system is first rotated along z 0 -axis with φ as the rotation angle and then rotated along y 0 -axis with θ as the rotation angle; then the new x 1 -y 1 -z 1 system is Then, a series of matrix operations lead to the equation for computing ∂z 1 ∕∂x 1 :
where n ¼ ½ cos φ sin θ sin φ sin θ cos θ denotes the unit vector normal to the plane defined by dip angle θ and dip azimuth φ, and 
